Abstract. We consider the series
Introduction

1.
We begin with some notations and definitions. Let d be a positive square-free integer. We denote by Z, Q, Q, and Q(i √ d) the set of integers, the field of rational numbers, the field of algebraic numbers, and an imaginary quadratic field, respectively.
We will use the polygamma function
dz k+1 log Γ(z), k = 1, 2, . . . , which has the following series expansion (see [2] , §1.16): 
which satisfies the similar functional relations
Obviously by (1) and (4), we have that the numbers ψ (k) (1)/ζ(k + 1),
(1)/ζ(k + 1), ψ (k) (1/2)/ζ(k + 1) are rational (here ζ(s) = ∞ n=1 1 n s is the Riemann zeta function) and therefore from (2) , (5) we get the following inclusions:
2. In the paper, we consider the values of the series
where P (x), Q(x) ∈ Q[x] and f is a periodic number theoretic function, and express them as linear combinations of values of the polygamma functions (see Lemmas 1-2 below). Such a representation allows one to give simple sufficient conditions for the numbers S, T to be algebraic or transcendental that is done in section 2. Further, we assume that all the zeros of Q(x) are in the imaginary quadratic field Q(i √ d) and the polynomials P (x), Q(x) possess some symmetry properties. By formulas (3), (6) , summing the series S, T, U explicitly and applying famous Nesterenko's result [7] on algebraic independence of the numbers π, e π √ d we show that the infinite sums (8) either have a computable algebraic value or are transcendental. (By a computable value, we mean a number which can be explicitly determined in terms of its defining parameters.) Actually, we describe double approach for computation of infinite sums (8) combining linear combinations of values of the polygamma functions and contour integration. The latter one can be applied to the trigonometric series
that enables us to prove that under certain conditions on the polynomials P 1 , . . . , P s , Q, the sum V is either zero or transcendental. As a consequence, we establish the transcendence of some Fourier series (see section 4). In section 5 we extend these results to a more general set of roots of the polynomial Q(x) provided that the Schanuel conjecture holds. This generalizes the well-known result of P. Bundschuh on the series
Special cases of the infinite sums (8) were considered by P. Bundschuh in [3] . Using Baker's theory on linear forms in logarithms, he proved that the value of the series
,
is a periodic sequence of algebraic numbers and z ∈ Q ∩ (0, 1), is either zero or transcendental. In particular, this yields the transcendence of the numbers ψ(z) + γ, ψ(z) − ψ(z/2) for any z ∈ Q \ Z, and the series
s is the Dirichlet beta function. The case when all the roots α 1 , . . . , α m of Q(x) are distinct rational numbers was considered in [1] , where by Baker's theory it was proved that each of the numbers (8) is equal to a computable algebraic number or transcendental. In particular, if Q(x) is a reduced polynomial, i.e., if α 1 , . . . , α m are distinct rational numbers from [−1, 0), then S, T, U and the series
are either zero or transcendental. Let us notice that from work [1] it follows that for any rational numbers α 1 , . . . , α m distinct from zero and negative integers and such that 
Therefore the set (9) cannot contain two algebraic numbers. In 2001, G. Molteni [5] considered the generating power series for the sequence {ζ(2k + 1)} ∞ k=1 , which also can be written as a linear combination of values of the digamma function
and proved that the numbers 1,
are distinct rational numbers from the interval (0, 1) such that (a k , b k ) = 1 and for any k there exists an odd prime p k dividing b k and p k b j when j = k. An obvious corollary is that F (α) is transcendental for arbitrary α = a/b ∈ (0, 1) with b not a power of 2. Actually, this restriction can be removed and F (α) is transcendental for any rational α with 0 < |α| < 1 by [1, theorem 3], since
and the last series does not vanish.
2. Sums S, T, U as linear combinations of polygamma functions Lemma 1. Let f : Z → Q be periodic with period q ∈ N. Suppose that
lm , where l 1 , . . . , l m ∈ N and α 1 , . . . , α m are distinct, and distinct from zero and the negative integers. If deg P (x) = deg Q(x) − 1, suppose also that q−1 t=0 f (t) = 0 (convergence condition). Then the series
converges and we have the following representation:
Proof. Writing n in the form n = qτ + t, τ, t ∈ Z, 0 ≤ t ≤ q − 1, τ ≥ 0, we get
Decomposing P (x)/Q(x) into partial fractions, we have
where the coefficients A k,l are defined in (11) and
To prove (10), we first suppose that deg
Then from (12) we have
which yields (10). If deg P (x) = deg Q(x) − 1, then we find
Hence, by (12) , we get
as required. Let us mention two particular cases q = 1, f ≡ 1 and q = 2, f (n) = (−1) n of Lemma 1.
. . , l m ∈ N and α 1 , . . . , α m are distinct, and distinct from zero and the negative integers. Suppose that the series
n converge. Then the following representations are valid:
where the coefficients A k,l are defined in (11).
If Q(x) has only simple zeros, then Lemma 2 enables us to give simple sufficient conditions for S, T to be algebraic or transcendental.
, where α 1 , . . . , α m are distinct, and distinct from zero and the negative integers, and deg
is algebraic.
Proof. This statement easily follows from Lemma 2 and formula (2).
Remark 0.1. In the case m = 3 and
the conditions of Corollary 1 are necessary and sufficient for S to be rational (see [9, Theorem 2] ).
Proof. This statement easily follows from Lemma 2 and formula (5).
Remark 0.2. In the case m = 2 and
the conditions of Corollary 2 are necessary and sufficient for T to be rational (see [9, Theorem 1] and [10, Theorem 3] ).
, where α 1 , . . . , α m are distinct rational numbers, distinct from zero and the negative integers, and deg
Proof. By Lemma 2 and formula (5) it follows that
where A, B ∈ Q, a = 0 is the leading coefficient of the polynomial P (x) and α ≡ α 1 (mod 1), α ∈ (0, 1]. Since the infinite sum in the latter expression of T does not vanish, by [1, Theorem 3] we conclude that T is transcendental.
Lemma 3. For the k-th derivatives we have
Proof. The proof is by induction on k. Obviously, for k = 0 formulas (a), (b) are valid with p 0 (z) = z and q 0 (z) = 1. Assuming (a), (b) to hold for k, we will prove them for k + 1. We have
where
, and 1 sin πz 
is either a computable algebraic number or transcendental. Moreover, S is transcendental if at least one of the following conditions holds:
is a unique minimum of the positive numbers b j,k and res
Proof. By Lemma 2, we have
From (14), (15) for 1 ≤ k ≤ m j it follows that
with y = r j − x. Therefore,
Now if for some pair (j, k) we have −α j,k and α j,k − r j ∈ N, then by (2), (7), we get
where C 0 , C j,k,l ∈ Q. Combining this with (3) and Lemma 3 we conclude that (16)
According to the formula
, where B ∈ N is the least common denominator of the numbers b j,k , and therefore, S − C 0 is either zero or transcendental in view of the algebraic independence of π and e π √ d [7] .
If we suppose that S is algebraic and condition (i) holds, then considering the summands in (16) involving π to the first power we get
Now multiplying both sides of the last equality by
we get a contradiction with the algebraic independence of π and e π √ d .
If (ii) is valid and S is algebraic, then (16) can be rewritten as
If C 1 = 0, then it is impossible by the same argument as above. If C 1 = 0, then multiplying both sides of (18) by (17) we get
which is impossible, therefore, S is transcendental. If condition (iii) holds, then the summands with the maximal power of π in (16) have the form
where 
is transcendental for any polynomial P (x) ∈ Q[x] such that deg P (x) ≤ 2m − 2 and P (−x) = P (x − a). In particular, the sum of the series
. . , r s ∈ Z satisfy the following conditions: for any
n is either a computable algebraic number or transcendental. Moreover, T is transcendental if at least one of the following conditions holds:
(ii) there exists a unique maximum l j 0 ,k 0 of the sequence l j,k , 1 ≤ j ≤ s,
Proof. From Lemma 2 it follows that
where the coefficients A j,k,l are defined in (15). According to (15) and (20)
Now if for some pair (j, k) we have −α j,k and α j,k − r j ∈ N, then by (5), (7), we get
where C 0 , C j,k,l ∈ Q. Hence, by (6) and Lemma 3, we have
and according to Euler's formulas for cos and sin we conclude that either T = C 0 or T is transcendental. If T is algebraic and condition (i) holds, then we rewrite (21) as
from which by the same argument as in the proof of Theorem 1 (ii) and
If condition (ii) is valid and T is algebraic, then from (21) we have
where A j 0 ,k 0 ,l j 0 ,k 0 = 0 by (15). Now applying Lemma 3 we easily see that the term containing π to the maximal power doesn't vanish and we get a contradiction with the algebraic independence of π and e 
where L N is a square contour with the vertices (N + 1/2)(±1 ± i). (See also [3, Theorem 2]).
Corollary 5. Let a, b ∈ Z, 4b > a 2 , and m ∈ N. Then for any polynomial
is transcendental. In particular, if k ∈ Z, 0 ≤ k < 2m, and the numbers k, a have the same parity, then the sum
Theorem 3. Let f : Z → Q be periodic with period q ∈ N. Suppose that
. . , m, and f is an even or odd function according to whether we have the sign "plus" or "minus" in (22). Suppose further that the series
converges. Then U is either a computable algebraic number or transcendental. Moreover, U is transcendental if at least one of the following conditions holds:
(i) P (qr/2) = 0 and
is a unique minimum of the positive numbers b k , res
f (t) cot πt q + π r 2 and P (qr/2) = 0, where {x} denotes the fractional part of x.
Proof. By Lemma 1, using the following partial fraction expansion:
where the coefficients A k,l are defined in (11) with α k replaced by −α k and
, we have
To prove the theorem, we first assume that P (qr/2) = 0. Then taking into account that f (t) = ±f (−t) and f is a q-periodic function we have
where (7) and Lemma 3 we get
with C 0 , C t,k,l ∈ Q, from which it follows that U is either equal to C 0 ∈ Q or transcendental. If condition (i) or (ii) holds, then arguing as in the proof of Theorem 1 (i), (ii) we get that U is transcendental. If P (qr/2) = 0, then P (−x) = P (x + qr) and thus f is an odd function by the hypothesis. Arguing as above we deduce that A k+m,l = (−1)
As it is easily seen if q is even, then f (q/2) = 0 and we may assume that t = q/2 in the last sum. Now by (2), for a positive integer t ≤ q −1, t = q/2, we have (23)
where C,C ∈ Q and [x] denotes the integer part of x. Now by (3), (23) and Lemma 3 we get
with C 1 , C t,k,l ∈ Q and therefore, U is either equal to C 1 or transcendental. If r = 0, i.e., if P (x) and Q(x) are even and odd polynomials respectively, then C 1 = 0 and hence U is either zero or transcendental. If condition (iii) is valid, then the coefficient of π does not vanish in (24) and we conclude that U is transcendental. This completes the proof of the theorem.
Remark 3.1. If under the assumptions of Theorem 3 we have r = 0, then
and P (−x) = ±P (x + qr). Let f : Z → Q be an even or odd periodic function with period q ∈ N depending on whether k and deg P (x) have the same parity or not. Suppose further that the series
converges. Then the sum U is either a computable algebraic number or transcendental. In particular, if r = 0, then U is either zero or transcendental.
Proof. For the rational function P (x)/(x − qr/2) k we have the following partial fraction expansion:
with A l = 1 (2l + δ)! P (2l+δ) qr 2 and δ equal 0 or 1 according to whether P (−x) = P (x + qr) or P (−x) = −P (x + qr). Then by Lemma 1, we get
Note that if k and deg P have the same (distinct) parity, then k − δ is even (odd) and f is an even (odd) function by the hypothesis. Thus we have
where (26)
It can be easily seen thatŨ = 0 if f is an odd function; if f is even, then k − δ is even and by formulas (7) we have that
with algebraic coefficients C, C l . From (23), (3), (7) and Lemma 3 it follows that
Finally, by (25)-(28), we find
withC,C l ∈ Q and therefore, either U is equal toC or U / ∈ Q. If r = 0, then from (25), (26) it easily follows that U is either zero or transcendental. This completes the proof of the theorem.
The special case of Theorem 4 for the number U = L(k, χ) = ∞ n=1 χ(n) n k , where χ is an even (odd) Dirichlet character, was proved in [10, §6] .
Now consider several applications of Theorem 3 which gives us means to construct new examples of transcendental numbers. If in Theorem 3 we put f (n) = χ(n), where χ(n) is a Dirichlet character mod q, then the Gauss sum
is never zero when χ is a primitive character (see [4, Ch. 8] ). Namely, we have that |τ (χ)| = √ q. This gives us the following.
Corollary 6. Let q > 1 be an integer and χ be a primitive character mod q. Suppose that
. . , m, and χ is an even (odd) character if deg P is even (odd). If b k 0 := min{b k > 0} is a unique minimum of the positive numbers b k and res
is transcendental.
Corollary 7. Let q > 1 be a square-free integer, q ≡ 1 (mod 4), and n q denote Jacobi's symbol. Then
where P (x) ∈ Q[x], P (−x) = P (x + qr) and Q(x) is as in Corollary 6. In particular, the sum
is transcendental for any m ∈ N, b, r ∈ Z such that q 2 r 2 < 4b.
Corollary 8. Let q > 1 be a square-free integer, q ≡ 3 (mod 4), and n q denote Jacobi's symbol. Then
where P (x) ∈ Q[x], P (−x) = −P (x + qr) and Q(x) is as in Corollary 6. In particular, the sum
If χ 0 is the principal character mod q, then
where ϕ and µ are the Euler and Möbius functions, respectively (see [11, Ch. 3] ) and we have Corollary 9. If q > 1 is a square-free integer and χ 0 is the principal character mod q, then the sum
is transcendental, where P (x) ∈ Q[x], P (−x) = P (x + qr) and the polynomial Q(x) is as in Corollary 6. In particular, the sum of the series
Corollary 10. Let q > 1 be an integer and χ 0 the principal character mod q. Suppose that
Corollary 11. Let f : Z → Q be odd, periodic with period q ∈ N. Then the sum
is either zero or transcendental for any m, b ∈ N and any even polynomial P (x) with deg P ≤ 2m. 1 AND T. HESSAMI PILEHROOD 2
Transcendence of trigonometric series
Theorem 5. Suppose that β 1 , . . . , β s ∈ [0, 2) are distinct rational numbers,
and for 1 ≤ j ≤ s
Then the sum
is either zero or transcendental.
Proof. We consider the complex integral
)+iy 
Now letting N tend to infinity we get
B ) for some B ∈ N and hence, either
Corollary 12. If in addition to the assumptions of Theorem 5, Q(x) is an even polynomial, then the sum
is either h(0)/Q(0) or transcendental.
Corollary 13. Suppose that β 1 , β 2 ∈ (0, 1) ∪ (1, 2) are rational numbers,
, and all roots of the polynomial Q(x) belong to
Then the trigonometric series
Proof. We define h(n) = 1 2 P 1 (n)e iπβ 1 n − i 2 P 2 (n)e iπβ 2 n , if β 1 = β 2 , If α 1 , . . . , α n ∈ C are linearly independent over Q, then the transcendence degree over Q of the field Q( α 1 , . . . , α n , e α 1 , . . . , e αn ) is at least n.
We formulate the following propositions, which are consequences of (S) : Conjecture (S 1 ). Let P 1 , . . . , P s , Q 1 , . . . , Q s ∈ Q[x], r 1 , . . . , r s ∈ Z and for any 1 ≤ j ≤ s the polynomials P j , Q j satisfy the following conditions: deg P j ≤ deg Q j − 2, Q j (r j /2) = 0, Q j (n) = 0, n = 0, 1, 2, . . . , and
Then by (S), it follows that tr deg(K : Q) = l + 1. From (33) we have that S − C 0 ∈ K. If S − C 0 ∈ Q \ {0}, then there exists a non-zero polynomial A(x) ∈ Z[x] such that A(S − C 0 ) = 0. Hence tr deg(K : Q) ≤ l and the contradiction obtained proves (S 1 ).
Remark 5.1. If all α j,k ∈ Q(i √ d), then (S 1 ) is true by Theorem 1.
By a similar argument we have Conjecture (S 2 ). Let P 1 , . . . , P s , Q 1 , . . . , Q s ∈ Q[x], r 1 , . . . , r s ∈ Z and for any 1 ≤ j ≤ s the polynomials P j , Q j satisfy the following conditions: deg P j ≤ deg Q j − 1, Q j (r j /2) = 0, Q j (n) = 0, n = 0, 1, 2, . . . , and
r j P j (r j + x) Q j (r j + x) .
n is either a computable algebraic number or transcendental. Conjecture (S 3 ). Let f : Z → Q be periodic with period q ∈ N. Suppose that r ∈ Z, P (x), Q(x) ∈ Q[x], (Q (qr/2)) 2 + (Q(qr/2)) 2 = 0, Q(n) = 0, n = 1, 2, . . . , (35) P (−x) Q(−x) = ± P (x + qr) Q(x + qr) and f is an even or odd function according to whether we have the sign "plus" or "minus" in (35). Suppose further that the series
converges. Then U is either a computable algebraic number or transcendental. Conjecture (S 4 ). Suppose that β 1 , . . . , β s ∈ [0, 2) are distinct rational numbers, Q(x), P 1 (x), . . . , P s (x) ∈ Q[x], Q(n) = 0, n ∈ Z, h(n) = is either zero or transcendental.
